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Abstract 

We define a tricategory tI"^'*'] of length 3 complexes of abelian sheaves, whose hom- 
bigroupoids consist of weak morphisms of such complexes. We also define a 3-category 
2Pic(S) of Picard 2-stacks, whose hom-2-groupoids consist of additive 2-functors. We 
prove that these categories are triequivalent as tricategories. As a consequence we ob- 
tain a generalization of Deligne's analogous result about Picard stacks in SGA4, Expose 
XVIII(Deligne (1973) [II]). 
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Introduction 

Let D[^^''^1(S) be the subcategory of the derived category of category of complexes of abelian 
sheaves A' over a site S with H~^{A') ^ only for i = 0, 1. Let Plc''(S) denote the category 
of Picard stacks over S with 1-morphisms isomorphism classes of additive functors. In SGA4 
Expose XVIII, Deligne shows the following. 

Proposition. p!T| Proposition 1.4.15] The functor 

<p^ ■ D[-i'Ol(S) -Pic^(S) 

given by sending a length 2 complex of abelian sheaves, A* : A~^-^Al* over S to its associated 
Picard stack >A°]~, an isomorphism class of fractions from A* to B' to an isomorphism 

class of morphisms of associated Picard stacks is an equivalence. 

The purpose of this paper is to generalize the above result to Picard 2-stacks over S. Let 
2Plc''''(S) denote the category of Picard 2-stacks, whose morphisms are equivalence classes of 
additive 2-functors. Let D[~^'°](S) be the subcategory of the derived category of category of 
complexes of abelian sheaves A* over S with ^ for i = 0, 1, 2. 

Theorem I. The functor 

2p^^ : D[-2,o](s) ^2PIC^^(S) 

given by sending a length 3 complex of abelian sheaves. A* : A^'^—^A^^^A'^ over S to its 
associated Picard 2-stack [A"^— j-A"^— J-A^]", an equivalence class of fractions from A' to B' 
to an equivalence class of morphisms of associated Picard 2-stacks is an equivalence. 

Basically, it gives a geometric description of the derived category of length 3 complexes 
of abelian sheaves. It states that any Picard 2-stack over a site S is biequivalent to a Picard 
2-stack associated to a length 3 complex of abelian sheaves and that any morphism of Picard 
2-stacks comes from a fraction of such complexes. A complex of abelian sheaves, whose only 
non-zero cohomology groups are placed at degrees -2,-1, and can be thought as a length 3 
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complex of abelian sheaves, and therefore a morphism in ^'°1(S) between any two complexes 
A* and B' is given by an equivalence class of fraction 

{q,M',p) : A'^^M'-^B* 

with q being a quasi- isomorphism. 

However, we prove a much stronger statement, so that the latter theorem becomes an imme- 
diate consequence of it. Let 2Plc(S) be the 3-category of Picard 2-stacks where 1-morphisms 
are additive 2-functors, 2-morphisms are natural 2-transformations, and 3-morphisms are mod- 
ifications. Length 3 complexes of abelian sheaves over S placed in degrees [—2, 0] form a 3- 
category C[~^''^1(S) by adding to the regular morphisms of complexes, the degree -1 and -2 
morphisms. Then we easily construct an explicit trihomomorphism 

2p: C[-2'0](S) -2PIC(S), 

that is a 3-functor between 3-categories. Under this construction, length 3 complexes of abelian 
sheaves correspond to Picard 2-stacks. Although morphisms of such complexes induce mor- 
phisms between associated Picard 2-stacks, not all of them are obtained in this way. In this 
sense, the 1-morphisms of C[~^'°1(S) are not geometric and the reason is their strictness. We 
resolve this problem by weakening C[~^'°1(S) as follows: We introduce a tricategory T[~^''^1(S) 
(a tricategory is a weak version of a 3-category in the sense of [H]) with same objects as 
q[-2,o]^2^_ For any two complexes of abelian sheaves A* and B* , morphisms between A* 
and B* in T[~^'°](S) is the bigroupoid Frac(74*, i?*), whose main property is that it satisfies 
7ro(Frac(A*, i?*)) ~ HomD[-2,o](s)(^*, -B*), where ttq denotes the isomorphism classes of objects. 
Roughly speaking, objects of Frac(A*, B*) are fractions from A* to B* in the ordinary sense 
and its 2-morphisms are certain commutative diagrams (14. 2 p called diamonds" . Then we 
prove: 

Theorem II. The trihomomorphism 

2p : T[^2,o](s) ^2PIC(S) 

defined by sending A' a length 3 complex of abelian sheaves to its associated Picard 2-stack 
is a triequivalence. 

Since in particular a triequivalence is essentially surjective, every Picard 2-stack is biequiv- 
alent to a Picard 2-stack associated to a complex of abelian sheaves. Then by ignoring the 
3-morphisms and passing to the equivalence class of morphisms in the triequivalence of Theo- 
rem [TTl we deduce Theorem [H 

Organization of the paper 

This paper is organized as follows: 

In Section m we recall important points of butterflies in abelian context, (A, i?)-torsors, 
where A and B are abelian sheaves, and (=2/, =^^)-torsors, where =2/ and J3§ are Picard stacks. 
We also remind the reader some important results from |3] that we will refer continuously. 

In Section |2l we explain briefly the basics on 2-stacks with structures, and exact sequences 
of Picard 2-stacks. We also give an example of Picard 2-stack, namely ToRS(,e/, A^), where 
is a Picard stack and A^ is an abelian sheaf. This example will be of great importance for the 
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rest since it will be the Picard 2-stack associated to A* a length 3 complex of abelian sheaves. 
We define at the end of the section the 3-category 2Plc(S) of Picard 2-stacks, as well. 

In Section [31 we first define the 3-category Cf~^''^l(S) of length 3 complexes of abelian 
sheaves. We construct an explicit trihomomorphism from this 3-category to the 3-category of 
Picard 2-stacks. 

In Section m for any two length 3 complexes of abelian sheaves A' and B*, we define a 
bigroupoid Frac(yl*, B*). It is a weakened version of the hom-2-category Homc[-2,o] (A*, B') in 
the sense that 7ro(Frac(74*, i?')) ~ Hom£)[-2,o](s)(v4*, i?'). 

In Section [5], we show that for any two length 3 complexes of abelian sheaves A* and 
B*, there exists a biequivalence as bigroupoids between Frac{A*,B') and the 2-category 
Hom(y4*,i?*) of morphisms of Picard 2-stacks associated to A* and B'. 

In Section [6l we define the tricategory T[~^'''1(S). It consists of same objects as C[~^'°1(S) 
and for any two length 3 complexes A* and B' of abelian sheaves, frac{A',B') as the hom- 
bigroupoid. We extend the trihomomorphism constructed in Section [3] to a trihomomorphism 
on T[~^'°1(S). We prove Theorem [TT] which says that the latter trihomomorphism is a triequiv- 
alence and from which Theorem [T] follows. 

In Section [71 we informally discuss the stack versions of what has been done in the previous 
sections. 
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1 Preliminaries 

The method that we are going to adopt to prove our results is going to use mostly the language 
and techniques developed in the papers of Aldrovandi and Noohi such as butterfiies, torsors, 
etc. So it is worthwhile to mention here some of their work. We finish with a few words about 
bicategories and tricategories. Before, let us fix our conventions and notations. 

Throughout the paper, we will work with sheaves, stacks, etc. defined over a site S. For 
simplicity, we will assume that S has fibered products. Fibered 2-categories, 2-functors, and 
natural 2-transformations will be used in the sense of Hakim [12]. A complex of abelian sheaves 
will mean a length 3 complex of abelian sheaves over the site S unless otherwise stated. It will 
be denoted as 

A' : AO. 

For any complex of abelian sheaves A*, A"^^ denotes the complex 

and therefore /"^^ : A'^'^^B'^'^ a morphism of complexes between and B"^^ . 
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1.1 Butterflies 



The reader can refer to [21] and [22] for details of butterflies over a point or to [3] for a 
treatment over a site. Here, we will remind the basic definitions following the latter point of 
view in an abelian context. 

Definition 1.1. Let A* : A^^—^-A'^ and B* : B~^^B^ be two length 2 complexes of abelian 
sheaves. A butterfly from A* to B' is a commutative diagram of abelian sheaf morphisms of 
the form 

A-' B-' (1.1) 




where E is an abelian sheaf, the NW-SE sequence is a complex, and the NE-SW sequence is 
an extension. [A*, E, B'] will denote a butterfly from A* to B*. 

A morphism of butterflies (p : [A* , E , B*]^[A' , E' , B'] is an abelian sheaf isomorphism 
E^E' satisfying certain commutative diagrams. Two such morphisms compose in an obvious 
way. Therefore butterflies from A' to B* form a groupoid denoted by B{A*,B*). A butterfly 
is flippable or reversible if both diagonals of (11. ip are extensions. 

For more about crossed modules and butterflies in the abelian context, we refer the reader 
to [m §12] and P §8]. 

1.2 5)-torsors 

Let A^B be a morphism of, not necessarily abelian, sheaves. An {A, i?)-torsor is a pair (L, x), 
where L is an A-torsor and x : L^B is an A-equivariant morphism of sheaves (see [12]). A 
morphism between two pairs (L, x) and {K, y) is a morphism of sheaves E : L^K compatible 
with the action of A such that the diagram 



B 

commutes. {A, B)-toTsoTs form a category denoted by ToRs{A, B). 
1.3 ^)-torsors 

Let be a gr-stack, not necessarily Picard. A stack ^ in groupoids is a (right) =2/-torsor if 
there exists a morphism of stacks 

m : ^ X ^ 
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compatible with the group laws in and the morphism 

(pr, m) : ^ X x ^ 

is an equivalence, and for all f/ G S, is not empty. j6l §6.1] 

Let s^-^SS be a morphism of gr-stacks. An (^Z, ^)-torsor is a pair (=Sf, a;), where ^ is 
an ^-torsor, and x : S^^SS is an ^-equivariant morphism of stacks [H §6.1], [3, §6.3.4]. A 
1-morphism of =5^)-torsors is a pair 

where F : is a morphism of stacks such that 



and /i is a natural transformation of stacks 

if X ^""^ ^ JTx ^/ 

expressing the compatibility of F with the torsor structure. A 2-morphism of (iz/, e^^)-torsors 
{F, n)^{G,i') is given by a natural transformation : F^G satisfying the conditions given 
in P §6.3.4]. (^/, ^)-torsors form a 2-stack denoted by ToRS(=c/,^). 

1.4 Abelian Sheaves and Picard Stacks 

We recall Deligne's work about abelian sheaves and Picard stacks from pTl §1.4]. They are 
going to be referred sans cesse throughout the paper. These results are also revisited by 
Aldrovandi and Noohi in [3]. In order to be consistent with the rest of the paper, we recall 
them as they are announced in [3]. 

Theorem. |3 Theorem 8.3.1] For any two length 2 complexes of abelian sheaves A* and B* , 
there is an equivalence of groupoids 

Hom(A', B')^^B{A', B') , 

where Hom{A*,B*) is the groupoid of additive functors between the Picard stacks associated to 
A' and B\ 

Proposition. /3 Proposition 8.3.2] Let ^ be a Picard stack. Then there exists a length 2 
complex of abelian sheaves A' : A~^^A^ such that is equivalent to Picard stack \A''^^Al^\" . 
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Let C[~^'°](S) denote the bicategory of morphisms of abelian sheaves over S with com- 
mutative squares as 1-morphisms and homotopies as 2-morphisms. Let Plc(S) denote the 

2- category of Picard stacks over S with 1-morphisms being additive functors and 2-morphisms 
being natural 2-transformations. Putting the above results together, Deligne proves: 

Theorem, Proposition 8.4-3] The functor 

C[-i.o](s) -Pic(S) 

defined by sending a morphism of abelian sheaves A* : [Ai— )-y42] to its associated Picard stack 
[Ai^A2]'" is a biequivalence of bicategories. 

Remark 1.2. In the same paper, the authors also prove these facts in the non-abelian context 
by not assuming that stacks and sheaves are necessarily Picard or abelian. 

1.5 Tr icat egor ies 

Even though the language of bicategories and tricategories is going to be extensively used, we 
are not going to remind here in full detail bicategories or tricategories. Just for motivation, a 

3- category can be thought as the category of 2-categories with 2-functors or weak 2-functors 
in the sense of Benabou [5] and a tricategory as a weakened version of a 3-category. However, 
we want to recall the triequivalence since the proof of Theorem 16.41 will follow its definition. 
For more about bicategories and tricategories, we refer the reader to [HI [T51 1201 [S] • 

Definition 1.3. |20j A trihomomorphism of tricategories T : C— j-S) is called a triequivalence if 
it induces biequivalences Tx,y : ^{X, Y)^D(TX, TY) of hom-bicategories for all objects X, Y 
in € (T is locally a biequivalence), and every object in D is biequivalent in D to an object of 
the form TX where X is an object in €. 

2 Picard 2- Stacks as Torsors 

In this section, our goal is to give some of the fundamental facts about 2-stacks and torsors 
that will be needed throughout the paper. Our main references for 2-stacks with structures 
such as monoidal, group-like, braided, Picard are [TJ [8] and for torsors [H [6] 

2.1 2- Stacks 

Definition 2.1. [HI Definition 6.2] A 2-stack P is a fibered 2-category in 2-groupoids such that 

• for all X, Y objects in Su, Homp^(X, Y) is a stack over S/U; 

• 2-descent data is effective for every object in P. 

In the above definition 2-groupoids are considered in the sense of Breen [8], that is, 1- 
morphisms are weakly invertible. 

Definition 2.2. P Definition 8.4] A gr- 2-stack P is a 2-stack with a morphism (g) : P x P— j-P 
of 2-stacks, an associativity constraint a compatible with ®, a left unit i and a right unit r 
constraints compatible with a, and an inverse constraint i with respect to ® compatible with 
units. 
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A more detailed definition of gr-2-stack can be found in [7]. Next, following [81 §8.4] we 
add to gr-2-stacks commutativity constraints with an increasing level of strictness. 

Definition 2.3. A gr-2-stack P is said to be: 

• braided, if there exists a functorial natural transformation 

Rx,Y ■■ X ® Y ® X 

that satisfy the 2-braiding axioms of Kapranov and Voevodsky [18] together with the 
additional condition that, in their terminology, the pair of 2-morphisms defining the 
induced Z-systems coincide. The corrected and full 2-braiding axioms can be found in 

a- 

• strongly braided, if it is braided and for any X, Y two objects, there exists a functorial 
2-morphism 

X(^Y lisx,y X® y . (2.1) 

Ry,xRx,y 

such that the two compatibility conditions given in [TOl Definition 15] are satisfied. 

• symmetric, if it is strongly braided and the following whiskerings coincide: 

Rx Y 

X®Y i].Sx,Y X®Y — '^Y®X, (2.2) 



Ry,xRx,y 



X^Y^^Y^X i^SY,xY®X. (2.3) 



Rx,yRy,x 

• Picard, if it is symmetric and for any object X, there exists a functorial 2-morphism 

^s7^ X(^X (2.4) 

additive in X (i.e. there is a relation between Sx®Yi Sx, and Sy) such that Sx,x = 
Sx * Sx- 

Further down in the paper, we will be talking about the 3-category of Picard 2-stacks which 
requires the concept of morphism of Picard 2-stacks. Following Breen [8], we will call such a 
morphism additive 2-functor. It will be a cartesian 2-functor between the underlying fibered 
2-categories compatible with the monoidal, braided, and Picard structures carried by the 2- 
categories. The compatibility with monoidal structure is already known. In Gordon, Power, 
Street [H], a monoidal 2-category is defined as a one-object tricategory. More in detail, one 
can think of a monoidal 2-category as the hom- 2-category of a one-object tricategory, whose 
associativity and unit constraints hold up to 2-isomorphisms and whose modifications are 
invertible. Then the trihomo morphism [T^ Definition 3.1] between such tricategories will be 
the right definition of morphism between monoidal 2-categories. For the compatibility with 
the rest of the structures, we refer the reader to the author's thesis [26] . 

Here is a technical result that we will use several times in our proofs. 
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Lemma 2.4. Let ¥ be a Picard 2-stack and A, B be two abelian sheaves with additive 2-functors 
(j) : A ^ P and ijj : B ^ P ■ Then A Xp B is a Picard stack. 

Proof. The fibered category A B with fibers {A Xp B)p consisting of 

• objects {a,f,b), where a G A{U), b G B{U), and / : (f){a)^ip{b) is a 1-morphism in Pf/; 

/ 

• morphisms (a, /, a, (7, 6), where 0(a) JJ." ip{b) is a 2-morphism in P(/; 

9 

is a prestack since for any ?7 G S, 1-morphisms of P form a stack over S/U. It is in fact a stack. 

Let {{Ui—>U), {ai, fi,bi),aij)iji^j be a descent datum with {Ui-^U)i^j a covering of U, 
{ai, fi, bi) an object in {AxpB)u. and aij a 1-morphism in {AxpB)u.. between {aj, fj, bj)\u.. and 
(oj, /j, bi)\ir-.. Since aj|i7- = aj|(7i , h^i/-. = bj\u-. and A and B are sheaves, there exist a G A(f/) 
and b G such that a\Ui = ai and 6|i7- = bi. Then the collection {{Ui^U), fi,aij)ij^i 

satisfies the descent in B.om{(j){a),ip{b)), which is effective since P is a Picard 2-stack. That 
is, there exists / G }iom{(j){a),tp{b)) and /3j : f\Ui^fi compatible with such that for 
all i E I, {tti, f\u-, (3i, fi,bi) is a morphism from {a, f\b)\u. to {ai,fi,bi). Thus, the descent 
{{Ui^U), {ai, fi, bi), aij)ij(zi is effective. 

Next, we show that A Xp B is Picard. First, let us recall the notation from Definition 12.21 
®p is the monoidal operation, a, I, t, i, R--, S--, and S- are respectively associativity, left 
unit, right unit, inverse, braiding, symmetry, and Picard constraints. The unnamed arrows in 
the diagrams below are structural equivalences resulting from additive 2-functors and ip. 

monoidal structure: The multiplication is defined as 

(ai, /i, 61) ® (aa, /a, ^2) := (ai + ^2, /1/2, &i + h), 
where /1/2 is the morphism that makes the diagram 

(f){ai) (g)p 0(02) — > ^(fei) ®p ^'(^2) 

0(ai + aa) 77 ^ ''/'(^i + ^2) 

commute up to a 2-isomorphism Nm. 

For any three objects {ai, fi,bi) for i = 1,2,3, the associator is given by the morphism 
(ai + a2 + as, fi{f2fi), Oihj2,h^ (/i/2)/3, fei + &2 + ^3), where a/1,/2,/3 is defined as the 2- 
isomorphism of the bottom face that makes the following cube commutative (we ignored 
®v for compactness). 
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(/)(ai)((/)(a2)^(a3)) 
01)0(02 + 03) 



/i(8p(/2®p/3) 



{(t>{ai)(j){a2))(l){a3) 
(/)(ai + a2)(/)(a3) 



(fli + 02 + flg) 



■7^(6l)(^(62)V'(63)) 

^<6i)7A(62 + &3) 



(/l8'p/2)0p/3 



(V'(6l)V(&2))^(63) 



V'(6i + 52)V'(&3) 



(ai + 02 + 03) 



(/l/2)/3 





/l 1/2/3) 






^ VX^l + 


b2 + bs) 



■ Ipih + 62 + 63) 



The other 2-isomorphisms of the cube are, the left and right 2-isomorphisms represent 
the compatibihty of the additive 2-functors ip and with the associativity constraint 
(see Data HTD5 in [H]), the back and front ones are of the form N^, the top one is 
given by the associativity constraint a of P on the 1-morphisms. 

The object / := (0^,6, 0^), where 0^ (resp. Ob) is the unit object in A (resp. in B) and 
e is defined by the 2-commutative diagram 



is the unit in the fibered product A x-p B. I comes with the functorial morphisms 
kaj,b) ■= {a,ef,Lf,f,b) and r(^aj,b) ■= {a, fe, Rj, f,b), where Lf is defined as the 2- 
isomorphism of the front face that makes the diagram commute (similar diagram for 

Rf)- 



(/)(0^) ®p(/)(a) 



e®p/ 



0(Oa + a) 









ef 








(/)(a) 




ip ®p V'(^) 
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The other 2-isomorphisms of the cube are, the left and right 2-isomorphisms represent 
the compatibihty of the additive 2-functors if) and (f) with the unit constraint (see Data 
HTD6 in [S]), the top and bottom ones are of the form A^^, and the back one is of the 
form Nu- 

braiding: The morphism between (ai,/i,6i) ® (025/25^2) and (025/2,^2) ® is 
given by (01 + 02, /1/2, Pfij2^ /2/1) ^1+^2)5 where /3/i,/2 is the 2-isomorphism of the bottom 
face of the commutative cube. 



(t>{ai) ®p 0(02) 



fi®th 



■ tjj{bi) (g)p ^{h2) 



(2.5) 



(^(02) (8)p (t>{.ai) 




ai + 02) 



/1/2 



ip{bi+b2) 



(ai + 02) 



/2/1 



■^'(61+62) 



The other 2-isomorphisms of the cube are, the left and right 2-isomorphisms represent 
the compatibility of the additive 2-functors ip and with the braiding structure |26], the 
front and back ones are of the form Nm, and the top one represents the compatibility of 
with P. 

group like: Inverse of an object {a,f,b) is defined as {—a,g,—b), where there exists a 
2-isomorphism 7 : fg=^e defined as the 2-morphism of the front face that makes the cube 
commutative. 



(a) ®p (f>{-a) 



ip{b) (g)p ipi-b) 



(a + (-a)) 









fa 


1^7 




0(Oa) ■ 

The other 2-isomorphisms of the cube are, the left and right 2-isomorphisms represent 
the compatibility of the additive 2-functors ip and with the inverse object constraint 
|26j . the top (resp. bottom) one is of the form Nm (resp. Nu), the back one is the inverse 
object constraint i. 

symmetry: We have to verify that the 2-morphism of the bottom face of the diagram 
obtained by concatenation of the appropriate two cubes of the form (12. 5 p is identity. This 
follows from the fact that, 2-morphism of the top face of the concatenated cube pastes 
to identity with the help of the structural 2-morphisms of type (12. ip . 

Picard: The morphism from (a, /, b)®{a, /, b) to itself is identity because the 2-morphism 
of the top face of the diagram (12. 5p becomes identity when it is pasted with (12. 4p . 
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The compatibility conditions for each structure are trivially satisfied. 



□ 



2.2 Picard 2-Stack Associated to a Complex 

An immediate example of a Picard 2-stack is the Picard 2-stack associated to a complex of 
abelian sheaves which is in a sense the only example (see Lemma [6.3p . It is already explained 
in [5T] and in [3] how to associate a 2-groupoid to a length 3 complex. However, this 2-groupoid 
is not a 2-stack. It is not even a 2-prestack (i.e. 1-morphisms only form a prestack but not 
a stack and 2-descent data are not effective). Therefore to obtain a 2-stack one has to apply 
the stackification twice. Instead, we are going to use a torsor model for associated stacks. It 
is more geometric, intuitive, and can be found in [1] for the abelian case, and in [3] for the 
non-abelian case. 

Consider A' a complex of abelian sheaves. Let £/ be the associated Picard stack, that is 
[A~^^A~^]^ ~ ToRS{A~'^ , A~^) and let Aa : s^^A^ be an additive functor of Picard stacks, 
where A^ is considered as a discrete stack (no non-trivial morphisms). It associates to an 
object {L,s) in ToRS{A~'^ , A~^) an element Xa{s) in y4°. 

We consider Tors{j^,A^) consisting of pairs (^, s), where =Sf is an i^Z-torsor and s : 
T-A" is an ^/-equivariant map with respect to A^. A morphism between any two pairs is 
given by another pair {F, 7) 

(F,7): (^i,si) >-{^2,S2), 

where F is an j^Z-torsor morphism compatible with the torsor structure up to 7. F also fits 
into the commutative diagram. 

•^1 -^2 



A^ 



A 2-morphism 



is given by a natural transformation 6 : F^G that makes the diagram 

Fxl 



7 /^Gxl 




^1 



G 



commute. It is an immediate result of the following proposition that the 2-stack Tors(j2/, A^), 
which we have just constructed is Picard. 



12 



Proposition 2.5. For any s^^SS morphism of Picard stacks, TORS(=!2/,^) is a Picard 2- 
stack. 

Proof. From [3l §6.3.4], it follows that ToRS(i2/,i^) is a 2-stack. Its group-like structure is 
defined in |6l §4.5] and Picardness is relatively easy to verify. □ 

Definition 2.6. For any complex of abelian sheaves A', we define the Picard 2-stack associated 
to A" as ToRs(i/, v4°). 

2.3 Homotopy Exact Sequence 

Let ToRS(i2/, A^) be the associated Picard 2-stack to A', then there is a sequence of Picard 
2-stacks 

^^^0 — -TORSK,AO), (2.6) 

where A^ is considered as discrete Picard 2-stack (no non-trivial 1-morphisms and 2-morphisms) . 
The morphism ir^ assigns to an element a of A^{U) the pair [s^, a), where a is identified with 
the morphism £/^A^ sending 1^ = [A~'^,6a) to a. (12.61) is homotopy exact in the sense that 
satisfies the puUback diagram. 




(2.7) 



ToRs(=fi/,AO) 



Since is the Picard stack associated to the morphism of abelian sheaves Sa '■ A~^^A~^, 
it fits into the commutative pullback square of Picard stacks (see the proof of non-abelian 
version of Proposition 8.3.2 in [3]). 




(2i 



Then pasting the diagrams 12.71 and 12.81 at we obtain 
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(2.9) 



■ TORS(j:/, AO) 



2.4 The 3-category of Picard 2-Stacks 

Picard 2-stacks over S form an obvious 3-category which we denote by 2Plc(S). 2Plc(S) has a 
hom-2-groupoid consisting of additive 2-functors, weakly invertible natural 2-transformations, 
and strict modifications. For any two Picard 2-stacks P and Q, it is denoted by Hom(P, Q). If 
P and Q are Picard 2-stacks associated to complexes of abelian sheaves A' and B', then the 
hom-2-groupoid will be denoted as Hom{A*,B*). 



3 The 3-category of Complexes of Abelian Sheaves 

We start with a definition of a 3-category Cf^^''^l(S) of complexes of abelian sheaves over S. 
We end with an explicit construction of a trihomomorphism 2p between C[~^'°](S) and the 
3-category 2Plc(S) of Picard 2-stacks over S. 



3.1 Definition of Ct 2 0](s) 

Although the 3-category of complexes is very well known, in order to setup our notation and 
terminology, we will describe it explicitly. Its objects are length 3 complexes of abelian sheaves 
placed in degrees [—2, 0]. For a pair of objects A* ,B*, the hom-2-groupoid Homc[-2,o](s)(v4*, B*) 
is defined as follows: 



• A 1-morphism /* : A'^B' is a degree map given by strictly commutative squares. 



A 



B 




(3.1) 
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A 2-morphism s* : f'^g' is a homotopy map given by the diagram 




(3.2) 



n 




w 












u 




w 





' 1 

us Afl 

satisfying the relations 

9'-f = XBO s^, g-' - = 5b o + o A^, g-^ - f-^ = s^' o 6^. 

A 3-morphism v' : s* ^ t* is a homotopy map between homotopies s* and t' given by 
the diagram 

'-^^A-' ^A' (3.3) 




satisfying the relations 



s° - t° = 5^ o V, s-^ -t"^ = -voX 



A- 



Remark 3.1. In fact, the hom-2-groupoid HomQ[-2,o](s)(A*, i?*) is the 2-groupoid associated to 
T-^ (B.om* {A' , B')) , the smooth truncation of the hom complex Horn' {A* , B*) , that is to the 
complex 

Hom-2(v4', B') ^Hom-^(A', B') ^Z°(Hom°(v4', B')) 

of abelian groups, where for z = 1,2 the elements of Hom~*(74*, B') are morphisms of complexes 
from A* to B* of degree —i, and where (Hora^ (A* , B*)) is the abelian group of cocycles. 



3.2 Abelian Sheaves and Picard 2-Stacks 
Lemma 3.2. There is a trihomomorphism 

2p: C[-2'0](S) -2PIC(S) (3.4) 

between the 3-category C[~^'°^(S) of complexes of abelian sheaves and the 3-category 2Plc(S) 
of Picard 2-stacks. 

Proof. We will give a step by step construction of the trihomomorphism and leave the verifi- 
cation of the axioms to the reader. 

• Using the notations in section |2^ given a complex A*, we define 2p[A*) as the associated 
Picard 2-stack, that is 2p{A') := ToRS(^,A°). 
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For any morphism /* : A'^B* of complexes (see diagram (13.11) ). there exists a commu- 
tative square of Picard stacks 



■A' 



(3.5) 



5° 



where F is induced by f"^^ : A'^^^B'^^ . From the square (13.51) . we construct a 1- 
morphism 2p{f*) in 2Plc(S) 



2p{f) : TORS(i^,A0) ^TORS{^,B^) 

that sends an (^, A°)-torsor (.if, x) to Ap f° o x + Ab) where S£ Nf SS denotes 
the contracted product of the -torsors if and SS such that the -torsor structure of 
SS is induced by the morphism F . For details, the reader can refer to [6l §6.7] and [H 
§5.1,§6.1]. 

• For any 2- morphism s* : f'^g' of complexes (see diagram (13. 2p ). there exists a diagram 
of Picard stacks 

^ ^^^^0 (3.6) 




such that for any (L, a) in we have the relation 



G{L,a) - F{L,a) = s° oAA{L,a) with s%a) = {B-\ s\a)) . 
From the relation, we construct a natural 2-transformation 6: 



ToRs(i^, A°) ^ ^ ToRs(.^, 5°) 

2p(9*) 

in 2Plc(S) that assigns to any object (^, x) in TORS(i2/, A^) a 1-morphism 6'(if,a;) 

: (i^A-^ i^,x^) -(i^A^ i^,XG) (3.7) 

in ToRS(e^^, B^), where xp = o x + Ab and xg = (7° o x + A^. The morphism (13. 7p is 
defined by sending (/, b) to (/, b — o x{l)). 
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For any 3-morphism v' : s* ^ t* of complexes (see diagram 13. 3p . there exists a modifi- 
cation F: 

2p(/*) 



ToRs(^,A°) f u TORS(^,50) 

2p(9*) 

in 2Plc(S) that assigns to any (=Sf , x) object of TORS(^, A^) a natural 2-transformation 



^, Xir) ^r,^,,) ^, Xg) 



'P(Jif,a;) 

in ToRS(^, i?*^), where 0{jf,x), 4>{jf,x) are of the form ( I3.7p . The natural 2-transformation 
r(if,a;) is defined by assigning to any object (/, b) in Ap SS, xp) a morphism 

r(^,.)(/, b) : (/, 6 - 5° o (/, 6 - to o 

in Aq SS^ xg) given by the triple [idi^ 1^, /3) with /3 being the isomorphism 

6 — s° o ^ 6 — s° o xiV) + 5b °v o x{l) , 

and idi the identity of / in and the unit element in . 

□ 

4 Weak Morphisms of Complexes of Abelian Sheaves 

We fix two complexes of abelian sheaves A' and B' . We define Frac(y4*, B*) a weakened analog 
of the hom-2-groupoid HomQ[~2,oi(s)(y4*, i?*). We also prove that Frac(yl*, i?*) is a bigroupoid. 

4.1 Definition of Frac(^*, B') 

Frac(A*,i?*) is a consists of objects, 1-morphisms, and 2-morphisms such that: 

• An object is an ordered triple (g,M*,p), called fraction 

{q,M\p) : A'^^M'-^B' 

with M* a complex of abelian sheaves, p a morphism of complexes, and q a quasi- 
isomorphism. 

• A 1-morphism from the fraction (gi,M*,pi) to the fraction (52,^^25^2) is an ordered 
triple (r, K* ^ s) with K* a complex of abelian sheaves, r and s quasi-isomorphisms making 
the diagram 
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M' (4.1) 




A- q K' P ^ B' 




commutative. 

• A 2-morphism from the 1-morphism {ri, K*, Si) to the 1-morphism (r2, K', S2) is an 
isomorphism t* : K'^K' of complexes of abehan sheaves such that the diagram that we 
will call diamond" 




M- (4.2) 

commutes. 

Remark 4.1. For reasons of clarity, we will represent the above 2-morphism by the following 
planar commutative diagram 



Mr 




where we have ignored the maps from i^'"s to A' and B*. 

Remark 4.2. From the definition of 2-morphisms, it is immediate that all 2-morphisms are 
isomorphisms. 
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4.2 frac{A*,B*) is a bigroupoid 

Proposition 4.3. Let A' and B* he two complexes of abelian sheaves. Then frac{A',B*) is 

a bigroupoid. 

Proof. We will describe the necessary data to define the bigroupoid without verifying that 
they satisfy the required axioms. 

• For any two composable morphisms (ri, K', Si) : (gi, M',pi)^{q2, M',P2) and (r2, K', S2) : 
{q2,M2,P2)^{q3,M',p3) shown by the diagram 




the composition is defined by the pullback diagram. 



Xm-K'2 




Ml M* M* 

That is the composition is the triple (r2 o prg, x^./* K', Si o pr^). 

• For two 2-morphisms t\ : (ri, K', Si)^(r2, i^*' -^2) and • (^^2, -^2? '^2)^('^35 -^3, -53) 
shown by the diagram 
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the vertical composition is defined by t'ot^. 

• For two 2-morphisms t' : (ri, K^, Si)^(r2, K', S2) and u' : {r[, L*, s[)^{r'2, L', s'2) shown 
by the diagram 




the horizontal composition is given by the natural morphism K' Xm' L^^K' Xm' L' 

between the puUbacks of pairs (ri, s'l) and (r2, S2) over M'. 

Any three composable 1-morphisms {ri, K', Si), {r2, K', S2), and {r^jK'jSs) can be pic- 
tured as a sequence of three fractions 



K', 




M* M* M* Ml 

simply by ignoring the maps to A* and B' . They can be composed in two different ways, 
either first by pulling back over M* then over M' or vice versa. The resulting fractions 
will be {r,[Kl x^* K*) Xm* K',s) and (r', K"' x^q (K* x^- K'),s'), respectively, where r 
and r' (resp.s and s') are equal to (resp.Si) composed with appropriate projection maps. 
The 2-isomorphism between these fractions is given by the natural isomorphism between the 
puUbacks. Thus, the associativity of composition of 1-morphisms is weak. 

We also observe that 1-morphisms are weakly invertible. Let {r,K*,s) be a 1-morphism 
from (gi, M*,pi) to (^2, Af* ,^2), then (s, K*, r) is a weak inverse of (r, K', s) in the sense that 
the composition (r opr, K' x^' K',r opr) is equivalent to the identity, that is there is a natural 
2-transformation 9 : r o pr^id o (r o pr) as shown in the below diagram. 
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ropr 



K' 




Thus, Frac{A*,B') is a bigroupoid. 



□ 



Remark 4.4. In the terminology of [2], what we have called fractions are called in the non- 
abelian context weak morphisms of 2-crossed modules or butterflies of gr-stacks or bats of 
sheaves. 

5 Biequivalence of Frac(A*, B*) and Hom(A*, B*) 

Fix again two complexes of abelian sheaves A' and B'. In this section, we prove that the 
bigroupoid Frac{A*,B') of fractions defined in Section |4] is biequivalent to the 2-groupoid 
Hom(yl*, B') of additive 2-functors from 2p{A') to 2p{A*) defined in Section [Ml 

5.1 Morphisms of Picard 2-Stacks as Fractions 

Lemma 5.1. A morphism f : A'^B' is a quasi-isomorphism if and only if 



is a biequivalence. 

Proof. Given / : A'^B* a morphism of complexes, we know how to induce a morphism of 
Picard 2-stacks (see construction of trihomomorphism 2p{f)). It is also known that a 2-stack 
(not necessarily Picard) can be seen as a 2-gerbe over its own ttq bounded by the stack s^utiV) 
of automorphisms of identity |8l §8.1]. In particular, the Picard 2-stacks ToRS(i2/, A") and 
ToRS(=^, 5°) are 2-gerbes over their own ttq bounded by £/ut{l2p(A')) — [^~^— ^ ker((5yi)]~ 
and £^ut{l2p{B*)) — [-B^^— 7- ker(5B)]~, respectively. Furthermore, if / is a quasi-isomorphism, 
then H-\A') ^ H~\B') for i = 0,1,2 and thus, Tii{2p{A')) ^ Tii{2p{B')) for i = 0,1,2. 
So TORS(^, A^) and ToRS(i^, 5°) are 2-gerbes with equivalent bands. Therefore they are 
equivalent. □ 

Given an additive 2-functor F in Hom(A*, B'), we will show in the next lemma that there 
is a corresponding object in Frac{A',B*). 

Lemma 5.2. For any additive 2-functor F : 2p{A')^2p{B') , there exists a fraction [q, M*,p) 
such that F o 2p{q) ~ 2p{p). 



2p{f) : 2p{A') 



2p{B') 
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Proof. From the sequences 



A0^^2p(A') and 



MB-) 



we can construct the commutative diagram 




(5.1) 



MB') 



where S'p := ^f,b B^ . It follows from the commutativity of the above diagram that 
11 F = (Aa,Ab). The sequence 



■AO 



(5.2) 



is homotopy exact since it is the pullback of the exact sequence 3S^B'^^2p{B'). From 
Lemma \'2A\ it follows that Sp is a Picard stack. Therefore by [21 Proposition 8.3.2], there 
exists a length 2 complex E* = [Se '■ Ep^^Ep] of abelian sheaves such that the associated 
Picard stack ToRS{Ep^ , Ep) is equivalent to S'f. Then by [H Theorem 8.3.1], there exists a 
butterfly representing fip: 



A-^ X B- 



Sax^ 



A-^ X B-^ 





Ep^ 



Se 



E^ 



(5.3) 



X 



with Pp ~ (A ^ X B ^) Xgp Ep. From a different perspective, this butterfly can be seen as 

<5 



0- 



A-^ X B'^ 

id 

A'^ X B- 



Ep'—^E% 



(5.4) 



id 



5a 



P 

■A-^ X 
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where each column is an exact sequence of abehan sheaves. The only non-trivial sequence is 
the second column and its exactness follows from the definition of a butterfly fll.ip . So we 
have a short exact sequence of complexes of abelian sheaves 







El 



■Ml 



<o 



■0, 



(5.5) 



where 



A'<° X B' 



<o 



X 

0- 



(5.6) 



X B- 



^A'^ X B' 



-0. 



From the lower part of the diagram 05.41) and the definition of Pp, we deduce that there 
are morphisms of complexes 



X B- 



(5.7) 




A* B* 

We claim that g is a quasi-isomorphism, that is 

H-\M*) ^ ker(5^), H-\M'p) ~ ker(AA)/im(5A), H'^iM*) ~ coker(AA). 
Indeed, from the exact sequence fl5.5p . we obtain the long exact sequence of homology sheaves 







■H'\M*p) 



-H~\A'<'^) X H-\B-<°) ^H-\E'p 



H-\M'p) 



H-\A'<'^) X H-\B 



1/' D»<0^ 



(51 
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On the other hand, by [3l Proposition 6.2.6] apphed to the exact sequence (15.21) . we get a 
long exact sequence of homotopy groups 



0- 



'Wi{S'f 



■vro(AO) 



■0. (5.9) 



Since 7ii{A^) = H-\A^) = and 7ro(AO) = H%A°) = A", it follows from ([El that we 
have an isomorphism 



and an exact sequence 







0. 



(5.10) 



(5.11) 



(I5.10p implies that 5 = in (15.81) . Therefore from (15. 8p again, we obtain a short exact 
sequence 



^H-\M'p) 



<o^ 



from which we deduce that H~'^{M') ~ H~^{A'<°) = ker((5A). 

Now, apply the snake lemma to the short exact sequence (15.111) and to 











H~\B 



H-\A-<°) X H-\B'<^) 



H~\A 



If A»<0\ 



in order to get the dashed exact sequence 



■ ker(AA)/im(5y 








■ coker(A^ 



from which it follows H~^(Mp) ~ ker(A^)/im(5A), and H^{Mp) ~ coker(y4°) as wanted. 

We end this proof by showing that F o 2p{q) ~ 2p(p). (15. 7p induces a diagram of Picard 
2- stacks 
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2p(M^) . (5.12) 




2p{A') ^ 2p(i?-) 

We claim that f l5.12p commutes up to a natural 2-transformation. To show that, it is enough 
to look at 2p{Mp) locally. Given f/ G S, 2p{Mp)u is the 2-groupoid associated to the complex 
of abelian groups (for the definition of the 2-groupoid associated to a complex see [3] or [21] ) 

A-^{U) X B-^{U) — PpiU) — E%{U) 

Then, an object of 2p(M^)f; is an element e of £;^(t/). Since := A^Xp^sB^ ^ ToRS(£^^\ E^), 
e can be taken as (a, /, fe), where a G yl'^(f/), G B^{U), and / : F{a)^b is a 1-morphism in 

2p(5')c;. 

A 1-morphism of 2p{Mp)u from ci to 62 is given by an element p of Pf{U) such that A(p) + 
ei = 62 in Ep{U). We can again take A(p), ei, and 62 as {a,f,b), (ai,/i,6i), and (025/25^2)5 
respectively. Therefore, the addition in Ep{U) should be replaced by the monoidal operation 
on S'f between the triples, that is (a, /, b) (ai, /i, fci) = (02, /2, ^2)- This monoidal operation 
is described in the proof of the technical Lemma 12. 4[ It creates a diagram commutative up to 
a 2-isomorphism in 2Vlc{B')u that defines /2. 

F{a2) ^ -62 

F(a) ®B F{ai) ^ b (g)B bi 

The collection (/, 6*) gives the natural 2-transformation between 2p{q) o F and 2p[p). 

Remark 5.3. Since g is a quasi-isomorphism in C[~^'°](S), the technical lemma ISTTl implies that 
2p{q) is a biequivalence in 2Plc(S). Therefore, by choosing an inverse of 2p{q) up to a natural 
2-transformation we can write F as F ^ 2p{p) o 2p{q)~^. 

□ 



5.2 Horn-categories of Frac(74', 5*) and Hom(74*,5') 

In the next two lemmas, we are going to explore the relation between 1-morphisms (resp. 
2-morphisms) of Frac{A',B*) and natural 2-transformations (resp. modifications) of Picard 
2-stacks. 

Suppose we have a natural 2-transformation 6: 

F 

2p{A-)^^jr^2p{B-) (5.13) 

G 

between the two additive 2-functors F,G : 2p{A')-^2p{B*). By Lemma |5.2[ we know that 
there are fractions {qp, Mp,pF) and {qc, Mq,pg) associated to F and G. 
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Lemma 5.4. For any natural 2-trans formation 9 as in Ii5.13\) . there is a 1-morphism in 
Frac(y4*, i?*) between the fractions {qF,M*,pp) and {qG^^G^PG)- 

Proof. For F and G, we have the following diagrams similar to (15 .ip 





2p{A- 



where (gp ■= A^XfbB^ and := ^° Xq bB^ are Picard stacks by Lemma 12. 4[ Therefore by [31 
Proposition 8.3.2], there exist Ep^^Ep and Eq^^Eq morphisms of abelian sheaves such that 
the Picard stack associated to them are respectively (Sp and S'g- The natural 2-transformation 
9 : F^G induces an equivalence H : S'g^cS'f of Picard stacks defined as follows: 

• For any (a, g, b) object of {(S'g)u^ H{{0', 9, b)) := (a, /, b), where / fits into the commutative 
diagram 




For any {a,g,a,g',b) morphism of {(^g)u, H{{a,g,a,g',b)) 
defined by the following whiskering. 



{a, f,T, f',b), where r is 



By [SI Theorem 8.3.1], H corresponds to a butterfly [Eq, N, Ep]. Since H is an equivalence, 
this butterfly is fiippable. 

We compose H and fiG by composing their corresponding butterflies 
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X B- 



SaX^e 



X B 



X 






E% 



where Pq x N is pull-out /pull-back construction as defined in [3l §5.1]. 

There is also a direct morphism fip from x ^ to (op- /if is equivalent to H o since 
they both map an object of £^ x to an object in S'p which is isomorphic to the unit object in 
2p{B*). Then by |3l Theorem 8.3.1], there exists an isomorphism k between the corresponding 
butterflies oi and Ho^q^ that is the dotted arrow in the diagram below such that all regions 
commute. 



(5.14) 




Let : x B-'^^Pf^E% and : A"^ x B"'^^Pg^E%. We claim that, there exists 
a complex K' with quasi-isomorphisms rp and tq such that all regions in the diagram 




(5.15) 



commute. 

Proof of the claim: Let K* : A~'^ x B^^-^Pq Xpo N^N and define rp by the composition 
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X B- 



X B 



-2 



X B- 



and re by the diagram 



Pg x^o iV. 



quotient 



quotient 



(5.16) 



K' 



TO 



X B 



v4-2 X B- 



-2 



(5.17) 



The commutativity of the diagram (15.161) follows from composition of butterflies. Since 
Pg x^o — -Pp and the butterfly [Eq, N, Ep] is flippable, rp is a quasi-isomorphism. The 

diagram (15.171) commutes because its left square is a pullback. This implies that is a 
quasi-isomorphism. 

It remains to show that Qf ° = Qg ° that is in the diagram below each column closes 
to a commutative square. 



A 



A' 



A- 



M' X B- 

K' A~'^ X B' 
X B- 

1G 



A- 



A- 



Pf 



Pg ^eo^N. 



P 



G 



A- 



A 



E° 

^F 



N 



It is obvious for the first column. The commutativity of the triangles 




imply that the middle and last columns close to a commutative square, respectively (the first 
triangle is extracted from diagram (I5.14p ). 
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In the same way, we also show that Pf ° = pc ° ^g- 
Now, suppose we have a modification F: 



□ 



(5.18) 



between two natural 2-transformations 6,(j) : F^G. We have proved in Lemmas 15.21 and 15.41 
that both 6 and (j) correspond to a 1-morphism in Frac(74*, B'). 



Lemma 5.5. Given a modification T as in l{5.18\) . there exists a 2-morphism between the two 
1-morphisms corresponding to 9 and 0. 



Proof. Using the same notations as in Lemma 15. 4[ we construct a diagram of Picard stacks 

He 

<Sg^^^J^____^^f 1 

where T is a natural transformation. For any object (a, h) in i^g", T(^a,g,b) is a morphism in 
(op defined by 




where 



F(a) G{a) , 



and Hg{a,g,b) = {a,fe,b), H^{a,g,b) = {a,fif„b) . By [S] Theorem 5.3.6], the natural trans- 
formation T corresponds to an isomorphism t between the centers of the butterflies associated 
to Hg and H^. 



(5.19) 




t induces an isomorphism of complexes t'. 
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f 



X B- 



X B- 



Pn X 



G X£;0 



idxt 

Nn 



The proof finishes by showing that all the regions in the diagram (14. 2 p commute. The only 
regions, whose commutativity are non-trivial, are the triangles in the middle sharing an edge 
marked by the isomorphism t*. They commute as well since in the diagram below 



f 



K' 



A^' X B^ 



X B- 



A-^ X B- 



A-^ X B- 



P 



G 



Pg X E% 



idxt 



Pg X ro Nfj 



G 



P 



G ■ 



^G 



Pe 



each column closes to a commutative triangle. This is immediate for the first two columns. 
The triangle formed by the last column commutes as well, since it is a piece of the commutative 
diagram fl5.19p . □ 



For any two complexes of abelian sheaves A* and 5*, the proofs of Lemmas 
define us a 2-functor 



and [Ml 



2p(A-,B')-- Frac(y4',B') ^Hom(y4',B') (5.20) 

between the bigroupoid Frac(A*,i?*) and the 2-groupoid Hom(y4*,i?*) of additive 2-functors 
between 2p{A') and 2p{B') considered as a bigroupoid. In fact, we have proved: 

Theorem 5.6. For any two complexes of abelian sheaves A* and B' , 2p^A',B') is a biequiva- 
lence of bigroupoids. 



6 The Tricategory of Complexes of Abelian Sheaves 

After proving in Section[5]that for any two complexes of abelian sheaves A* and B', Frac(yl*, B') 
is biequivalent as a bigroupoid to Hom(A*, B*), it is clear that the trihomomorphism 2p (13. 4p 
defined in Section 13.21 cannot be a triequivalence. To attain the triequivalence, we need to 
consider at least a tricategory with same objects as C'~^'°^(S) and with hom-bicategories of the 
form Frac{A',B*). Furthermore, there is the question of essential surjectivity which we deal 
with in this section. 

6.1 Definition of Tt 2 ^](s) 

We define the tricategory Tf~^''^l(S) promised at the beginning of the section. 
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Definition-Proposition 6.1. T' ^'"^'(S) with objects complexes of abelian sheaves, and hom- 
bigroupoids Frac(74*, B'), for any two complexes of abelian sheaves A' and B* , is a tricategory. 

Proof. We have to verify tliat T[~^''^](S) lias tlie data given in [T5l Definition 3.3.1]. 

• Objects are complexes of abelian sheaves. 

• For any two complexes of abelian sheaves A* and 5*, Frac(yl*, B') is the hom-bicategory. 

• For any three complexes of abelian sheaves A*, i?*, and C", the composition is given by 
the weak functor 



Dr : Frac(A',5') x Frac(5*,C") ^Frac(A',C«) 



which is defined on 
1. objects, by 
Ml 



A' 



M' 







B* B' 



Xb' 



giopr. 



A' 



2. 1-morphisms, by 





1 



^. ^xi- -yi^ B* 

3. 2-morphisms, by 
Ml 

qi / / \ \ Pi 



12 / \ \ P2 
s'2 





M* 





Ml Xb' M' 

Sl XS2 



A' K* X B' L* —yi°v^2^ C* 




Nl Xb- N* 



Ml Xb- M^ 



(jiopr^ 



P2opr2 




A' Kl^K' B' ®T B' Ll^L' C = A' Kl Xb- L^^K* Xb- L* Q 





ii \\f- / Pi 
Nl 







Nl Xb' N' 



We leave defining the rest of the data as well as verifying that they satisfy the axioms to the 
reader. □ 



The trihomomorphism (13. 4 p extends to a trihomomorphism 

2p: T[-2,o](s) ^2PIC(S) 



(6.1) 
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on the tricategory T[~^''^1(S) as follow^: On objects, it is defined as explained in Section [372] 
On 1-, 2-, 3-morphisms, by the biequivalence 2p(^. where A* and B* are any two complexes 
of abelian sheaves. 

Theorem 15.61 implies that (16.11) is already fully faithful in the appropriate sense. In order 
to prove the triequivalence, one needs to show that it is essentially surjective, as well. 

The essential surjectivity depends on the following technical lemma, which is similar to 
Lemme 1.4.3 in [H]. We give its proof in the Appendix (Rl) . 

Proposition 6.2. For any set E, denote by Z(£') the free abelian group generated by E. Let C 
be a Picard 2-category and Fq : E—>C be a set map. Then Fq extends to an additive 2-functor 
F : Z(i?)— j-C where Z{E) is considered as a 2-category (trivially Picard). 

Lemma 6.3. Let F be a Picard 2-stack, then there exists a complex of abelian sheaves A' such 
that 2p{A') is biequivalent to P. 

Proof. There is a construction analogous to the skeleton of categories. For any 2-category P, 
we construct 2sk(P) a 2-category that has one object per equivalence class in P. We observe 
that 2sk(P) is a full sub 2-category of P, that is the inclusion 2sk(P)— s-P is a biequivalence. Let 
P be a Picard 2-stack. We note that Ob2sk(P) : ?7^0b(2sk(P[/)) is a presheaf of sets. We 
consider A^ the abelian sheaf over S associated to the presheaf {f/— )'Z(Ob(2sk(P(7)))} where 
Z(0b(2sk(P[/))) is the free abelian group associated to Ob(2sk(P[7)). By Proposition 16. 2^ the 
inclusion i : Ob2sk(P)— J-P extends to 



TTp : A^ -P 

an essentially surjective additive 2-functor on A^. 
Define ^ by the pullback diagram 




(6.2) 



of morphisms of Picard 2-stacks, which is similar to ( 12. 7p . Then, the sequence of Picard 
2- stacks 

^ A^ ^ P 

is exact sequence in the sense of Section 12.31 

On the other hand, from Lemma 12.41 it follows that is a. Picard stack. Therefore by [31 
Proposition 8.3.2], there exists a morphism of abelian sheaves 6a '■ A~'^^A~^, where A~'^ is 
defined by the pullback diagram 



Sa 



A-' 



■0 



(6.3) 



^We commit an abuse of notation by calling both functors p.4p and (|6.ip by 2p. 
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and := TORS(A-2, A"!). 

Now putting the diagrams (I6.2p and fl6.3p together, 




(6.4) 



we have a diagram of Picard 2-stacks. It imphes that A' : A 



■A- 



-A^ is a complex. 



The Picard 2-stack associated to A* , that is 2p[A') := ToRS(,e/, A^), verifies by definition 
the above diagram (see 12. 9p . 

The biequivalence 2p{A*) ^ P is almost immediate. Essential surjectivity follows from the 
definition of vrp and equivalence of hom-categories from the fact that A^ and pull back to ^ 
over 2p{A') and over P. □ 



6.2 Main Theorem 

Considering 2Plc(S) as a tricategory, our main result follows from Theorem 15.61 and Lemma 

Theorem 6.4. The trihomomorphism 1(6. 1\] is a triequivalence. 

An immediate consequence of Theorem 16. 4[ which was also the motivation for this paper, 
is the following. 

Let 2Plc''''(S) denote the category of Picard 2-stacks obtained from 2Plc(S) by ignoring 
the modifications and taking as morphisms the equivalence classes of additive 2-functors. Let 
]3[-2,o] ^g-j ^Yie subcategory of the derived category of category of complexes of abelian sheaves 
A* over S with H~^{A*) ^ for z = 0, 1, 2. We deduce from Theorem 16.41 the following, which 
generalizes Deligne's result [HI Proposition 1.4.15] from Picard stacks to Picard 2-stacks. 

Corollary 6.5. The functor ij) induces an equivalence 

2p^^ : D[-2'0](S) -2PIC^^(S) (6.5) 

of categories. 

Proof. It is enough to observe from the calculations in Section |4] that -7ro(Frac(yl*, i?*)) ~ 
HomD[-2,o](s)(A',S'). Since the objects of D[-2'01(S) are same as the objects of T' ^'°^(S), the 
essential surjectivity follows from Lemma [6.31 □ 
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7 Stackification 



We want to conclude with an informal discussion of stack versions of some of our results. We 
will assume that all structures are strict unless otherwise stated. Throughout the paper, we 
dealt with 2- and 3-categories and their weakened versions bi- and tricategories. They can be 
stackified. 

2-stacks over a site are well known [S]. The collection of 2-stacks over S, denoted by 
2Stack(S), comprise a 3-category structure. We can consider the fibered 3-category 2(3tack(S), 
whose fiber over U is the 3-category 2STACK(S/f/) of 2-stacks over S/U. In [H Remark 1.12], 
Breen claims that 2©tack(S) is a 3-stack. Hirschowitz and Simpson in [17], generalize this 
result to weak n-stacks. 

Theorem. [T7[ Theoreme 20.5] The weak {n + l)-prestack of weak n-stacks nW&TACK{S) is 
a weak {n + l)-stack over S. 

We can use the above facts to deduce that the 3-prestack of Picard 2-stacks 2^lc(S) with 
fibers 2Plc(S/f/) over [/ is a 3-stack. 

Claim. Ilom{A*,B') fibered over S in 2-groupoids is a 2-stack where for any U E S, the 2- 
groupoid Hom{A*jj, B'jj) of additive 2-functors from 2p{A')\u to 2p{B*)\u defines the fiber over 
U. 

We have also fibered analogs for each hom-bicategory Frac{A*,B') and for Tt~^'''l(S). It 
follows from the above claim and Theorem 15.61 that the bi-prestack ¥rac{A* , B') of fractions 
from A' to B* with fibers defined by V'cac{A'jj., B'^) is a bistack. Then, once an appropriate 
notion of 3-descent has been specified and all descent data are shown to be effective, we 
conclude by the characterization proposition [T71 Proposition 10.2] for n-stacks that the tri- 
prestack of complexes %^~'^'^\S) with fibers T[~^'°](S/?7) is a tristack. The characterization 
proposition cited above briefly says that ^ is an n-stack over S if and only if all descent data 
are effective and for any X, Y objects of Homtpj^(X, y) is an n — 1 stack over S/U . 

Remark 7.1. The characterization proposition in [T71 Proposition 10.2] is originally enounced 
for Segal n-categories, n-prestacks, and n-stacks. But again in the same paper, it has been 
remarked that the proposition holds for non-Segal structures [T71 §20] where in this case, the 
weak structure is assumed to be the one defined by Tamsamani. Its definition can be found in 
[21] and [23]. However, we are being very informal and not discussing here the connection of 
the weak structure of our categories, pre-stacks and, stacks with the ones mentioned above. 

Finally, we define the trihomomorphism of tristacks by localizing the triequivalence fl6.ip . 

1[-2'01(S) -2q3ic(S), (7.1) 

where 2*pic(S) is considered naturally as a tristack. We deduce then its stack analog 

Theorem 7.2. ( [7. j[ j is a triequivalence of tristacks. 

A Appendix 

We give the proof of Proposition (16. 2p . 

We assume that the set E is well ordered and denote the order on by ^. In what follows, 
we define 
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1 



a 2-functor F : Z{E)^C, 



2 



for any two words Wi and W2 in Z(£'), a functorial 1-morphism A. 



A, 



: F{wi)®F{w2) 



3. for any three words Wi, W2, and 1^3 in Z{E), a 2-morphism V'i«i,u;2,i«3 (lA.Sp . 

4. for any two words Wi and in Z{E), a 2-morphism 0^1,^2 flA.lOp . 

A.l Definition of F 

We construct the 2-functor F : Z(£')— j-C as follows: 

• For any generator a & E, Fa := Fqq, 

• For any generator a & E, F{—a) := (Fa)* , where (Fa)* is inverse of Fa in C, 

• F{0) is the unit element in C, where denotes the unit element in Z{E). 

• For any word w in 1j{E), we 

— simplify w so that there are no cancelations and denote the simplified word by Wg, 

— order the letters of Wg from least to greatest and denote the simplified and ordered 
word by Ws,o- 

F{w) is defined by multiplying the letters of Ws,o from left to right. 

For instance let w = 2a-\-b—c—a—2b. After cancelations and ordering the letters Wg^o = a—b—c 
and 



The order on the set E is needed since without the order two words that differ by the 
position of letters would map to different objects in C although they are the same word in 
Z{E). For the reasons of compactness, we use juxtaposition for the group operation ® on the 
2-category C. 

A. 2 Monoidal Case 

The items ([2]-(j4]) describes the additive structure of the 2-functor F. We first define them on 
the words that do not have letters with negative coefficients. That is, they are constructed 
first on the free abelian monoid N{E). In Appendix lA. 31 we extend their definitions to the free 
abelian group 7j{E). We leave the verification of their compatibility with the Picard structure 
to the author's thesis [261. 



F{w) = F{ws,o) = {{Fa ® (Fb)*) ® Fc). 
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Definition of Xwi,w2' Let wi = ai + . . . + am and W2 = bi + . . . + bn he two words in N{E). 
The word Wi + W2 is defined by concatenation of Wi and W2 and then by an (m, ?7,)-shuffie 
so that the letters of Wi and W2 are ordered from least to greatest. We denote Wi + W2 by 
Ci + . . . + Cm+n- From the definition of F, 

F{w,)®F{w2) = {...i{Fa,Fa2)Fa3)...Fam)®i...iiFb,Fb2)Fb,)...Fbr,) (A.l) 
F{WI + W2) = {...{{FciFc2)Fc^)...Fcm+n) (A.2) 

We define the functorial morphism Xwi+W2 '■ F{wi) ® F{w2)-^F{wi + W2) in two steps as 
follows: 

Step 1: Correct Bracketing 

In this step, we define the morphism 

(. . . {{Fa^Fa2)Fa^) . . . Fa^) ® (. . . {{Fb^Fb2) Fb-,) . . . Fb^)^ 

((((. . . {{Fa^Fa2)Fa^) . . . Fam)Fb,)Fb2) . . . Fb^), ^ ' ' 

which moves the pairs of parenthesis of F{w2) one by one to the left from the outer 
most to the inner most without changing the place of parenthesis of F{wi). flA.SP is 
composition of n — 1 many morphisms of the form 

(. . . . . . . {{{F{w{)F{w'^))Fh)Fh+{) . ..Fb^), 

(A.4) 

where W2 is a subword of W2. 

Step 2: Ordering Letters 

Once the morphism (1A.3P is applied, the letters of Wi and W2 are parenthesized from left. 
Next, we define the morphism 

((((. . . {{Fa,Fa2)Fas) . . . Fam)Fb,)Fb2) . . . . . {{Fc,Fc2)Fc3) • . • Fc^+n), 

(A.5) 

that shuffles the letters of wi and W2 to order them from least to greatest, that is ci ^ 

C2 ^ • • • ^ Cm+n- 

The rule is, find the smallest letter of W2 in wi + W2 such that it has a letter of wi on 
its left that is greater, change their places. Depending on the position of the letters, 
there are two cases. Either the letters are in the same parenthesis , then (lA.Sp simply 
permutes them 

(. . . {{FciFc2)Fcs) . . . Fcm+n)^. • • ((FcaFcOFcg) . . . FCm+n), (A.6) 

or they are in different pairs of parenthesis and (lA.SP first groups them together by 
moving the appropriate pair of parenthesis to the right, then permutes the letters, and 
moves the pair of parenthesis moved to the right to the left, that is 

((. . . ((((. . . (FC1FC2) . . .)FCk-l)FCk+l)FCk) . . .)FCm+n)^ 
((. . . (((. . . (FC1FC2) . . .)FCk-l)iFCk+lFCk)) . . .)FCm+n)^ 

((. . . (((. . . (FC1FC2) . . .)Fcfe_i)(FcfcFcfc+i)) . . .)Fc„+„)^ ^ ■ ' 



((. . . ((((. . . (FC1FC2) . . .)Fck-i)Fck)Fck+i) . . .)Fc 



m+n J 
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where Ck is a letter of W2 in wi + W2 with 1 < k < m + n and Cfc_i is a letter of U7i such 
that Ck -< Ck-i- 

We repeat the above process to every letter of W2 in wi + W2. We define the morphism 
(1A.5I) as composition of the morphisms of the form ( 1A.6I) or (1A.7I) . 



We can illustrate the map flA.Sp by the lattice paths [131 Chapter 7. 3D]. It is clear that 
there is a 1-1 correspondence between the lattice paths from (0,0) to {m,n) and the 
(m, n)-shuffles. (1A.2I) can be seen as the lattice path corresponding to the (m, n)-shuffle 
of the words wi,W2 that defines wi + W2 and (lA.ip as the lattice path corresponding to 
the concatenation of the words wi and W2 (i.e. the empty (m, n)-shuffle). We denote 
these paths by L^^+^j L^^^^j, respectively. From this perspective, the map ( 1A.5I1 
can be thought as applying an (m, ?7.)-shufHe to the concatenation of the words wi and 

W2. 



(m, n) 



(m, n) 



bi 



(0, 0) ai ... a„i 

Lattice Path 



(0,0) ai 

Lattice Path L 



WI+W2 



The morphisms flA.6P and (1A.7P describe the basic movement. They substitute the point 
on the lattice path with the point [i — 1, j + 1) as shown in the picture below. 



(ij + i) (i-ij + i) 



The overall movement is described by the morphism ( lA.SI) where each step is a basic 
movement. We define the following special point on the lattice path in order to explain 
the mechanism of the movements. We call the point on the lattice path the corner 
point if the points {i — and + 1) are on the lattice path, as well. The morphism 
(1A.5I) picks at every step the corner point with the least ^/-coordinate that is not 
on the lattice path L^^+^^ij and substitutes it with (z — 1, j + 1). We show in the picture 
below the transformation of the lattice path L^^^^^ to the lattice path L^^^^y^^. 
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bn 



bi 



bi 



0.1 



ai 



0.1 



bi 



Ol 



ai 



Ol 



The morphism ( ]A.3I) obtained in the first step followed by the morphism ( lA.Sj) constructed 
in the second step defines Xwi,w2- 

We remark that if all the letters of Wi are less than all the letters of W2, then Wi + W2 is 
obtained by concatenating the words Wi and W2 without the shuffle. That is L^j+^„2 coincides 
with L^j,ui2- In this case A^^^^^j is of the form (lA.Sp . 

We also observe that the morphism Xwi,w2 is a path in the 1-skeleton of permuto-associahedron 
KUm+n-i where m and n are lengths of the words Wi and W2, respectively. KUm+n-i is a 
polytope whose vertices are all possible orderings and groupings of strings of length m + n and 
whose edges are all possible adjacent permutations and all possible parenthesis movements. 
For more details about permuto-associahedron, we refer to [19] and 



Definition of 'ipwi,w2,w3'- For any three words wi,W2,ws in N{E), we define the 2-morphism 

'^Wl,W2,U)3 



i{Fiwi)F{w2))F{ws)) ^-^'F{w, + W2)Fiw3) "'"^^""'"^ ^ Fiw, + W2 + w^) (A.8) 



^1 ''^2 '^3 

{F{wi){F{w2)F{w3))) 3—- F{w,)F{w2 + w^) — 



^wj^ ,iiJ2 +1" 3 



F{wi + W2 + ws) 
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between the 1-morphisms A^i_^2+W3°'^w2,i«3°3 and Xwi+W2,ws°^wi,w2 from {{F{wi)F{w2))F{w3)) 
to F{wi + ^2 + w^j^ These 1-morphisms are paths in the 1-skeleton of KUrn+n+p-i where 
n,m, and p are the lengths of the words Wi, W2, and W3, respectively. This follows from the 
fact that every map in the diagram (lA.SP is in the 1-skeleton of i^IIm+n+p-i- 

In order to better understand these paths, we interpret them in terms of 3-dimensional 
lattice paths. Assume that the letters of the words Wi, W2, and W3 represent respectively the 
unit intervals on the x-, y-, and z-axis. F{wi+W2+ws) can be represented by the 3-dimensional 
lattice path corresponding to the (m, n, p)-shuffle of the words wi,W2, that defines W1 + W2 + 
W3 and {{F{wi){F{w2))F{w3)) by the 3-dimensional lattice path corresponding to the empty 
shuffle of the words wi,W2, w^. Therefore, the paths Xwi,w2+W3 o A^j.wa ° ^ and Xwi+W2,w3 ° Xwi,w2 
can be thought as two different ways of shuffling wi, W2, to obtain wi + W2 + w^. The path 
Xwi,w2+W3 ° Xw2,w3 ° a first does the (n, p)-shuffle then the (m, ?7,)-shuffle. On the other hand the 
path Xwi+W2,w3 ° Xwi,w2 does the (m, ?T,)-shuffle first, then the (n, p)-shuffle. In this sense the 
2-morphism ipwi,w2,w3 can be seen as the connection between the two different ways of doing 
the (m, n, p)-shuffle. 

To define the 2-morphism ipwi,w2,w3, we need the following lemmas . 

Lemma A.l. Let Wi and W2 be two elements ofN{E). Xw2.w3 = c and Xwi,w2 = id if o,nd only 

Proof. We first remark that Xw2,w3 = c and Xwi,w2 = id is equivalent to assuming W2 and are 
letters such that W2 is greater than W3 and W2 is greater than or equal to all letters of Wi. These 
facts imply that the map A^„^+^2^^3 first permutes -^(^2) and F{ws) then shuffles F{wi) and 
F{w3) without changing the position of F{w2)- Thus A^j,^2+W3 ° Ai«2,w3 o a = A^^+^j^^^g o A^^^^j- 
In the other direction, we observe that the morphism a can be only part of the morphism 
Xwi,w2+W3 which means A^^^^j = id. This requires W2 to be a letter greater than or equal to 
all letters of Wi and A^^^^j+^g o A^2,«'3 o a = A^^^+^j^^g. We also observe that a parenthesis 
movement caused by A^^j^^g effects only the places of the parenthesis around the letters of W2 
and and such a movement cannot be caused by A^^+^j^^g. This means A^j^^g does not 
cause any parenthesis movements. Hence, we deduce that is also a letter. If u'2 ^ then 
Xw2,w3 and Xw^j^w2,w3 become identity morphisms and we obtain Xw^^w2+W3 oa = id which is not 
possible. Therefore Xu,2,w3 should consist of a single permutation. □ 

Lemma A. 2. Let Wi, W2, and W3 be three elements ofN{E). Then the followings are equiva- 
lent. 

1. The path Ait,^+^2,t«3 ° Xw^,w2 i^ strictly included in Xu,-^^W2+W3 ° Xw2,w3 ° a. That is V(^y^-^^^w2\w3) 
the vertex set of the path A^j+^2,«'3 ° Xwi,w2 is strictly included in V(wi\w2,w3) the vertex set 
of the path A^j^^^ij+^g o Xu,2,w3 <=> a. 

2' A^o-^^^2+ui3 ^ At02,«;3 A^o-^ -1-^02, U13 A^j^^02 ^ a 

3. Xyu2^w3 id. 

Proof. It is clear that ([2]) implies ([1]). 

(E]) ^ (E]): Xw2,w3 = id is equivalent to assuming that both W2 and W3 are letters and 
W2 -< W3. This requires F{wi)F{w2 + w-s) to be of the form F{wi){F{w2)F{w3)). Since all 



^We commit an abuse of notation in diagram (jA.8[) . By Xwi,w2 Xw2,w3 we mean Xwi,w2 ^ id^s and 
iduji ® Xw2,w3, respectively. 
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the morphisms A's start with moving parenthesis to the left, A^^^^j+^g starts exactly with a ^. 
Therefore ^wi,w2+u]3 A^2,t03 ^wi+w2,u]3 ^•wi,w2 ^ 

dl]) ^ In all the vertices that \w2,w3 pass through, F{wi) is grouped separately from 
F{w2) and ^(^3). Therefore any parenthesis movement or permutation that is part of Xw2,w-i 
does not change the parenthesis around F(wi). However, on the path \wi+w2,wi°Xwi,w2 the same 
movements that describe A^j^^g are part of the morphism \w^+w2,wi- Since this path passes 
through the vertices that group F{wi) and F{w2), the parenthesis movements and permuta- 
tions change the parenthesis around F{wi). This contradicts to the fact that Xwi+W2,w3 °Xwi,w2 
is included in A^^^^j+^g o Xw2,ws o a- □ 

We remark that Lemma lA. 21 can be also expressed as \wi+w2,ws ° Xwi,w2 is strictly included 
in A^„^,^2+^3 o A^„2,^3 o a if and only if V(^^^i^,^^^^) = V(^^^^^^i^.^) U {{F{wi){F{w2)F{w3)))}. 

We can return to the definition of the 2-morphism ipwi,w2,ws- By Lemmas I A . 1 1 and I A . 2 [ the 
paths Xwj^^ui2+W3 o Xw2,w3 o a and Attii+t02,«;3 ° Xw^^w2 are going to satisfy one of the following three 
cases. 

1. The paths may be the same. In this case, the 2-morphism il^wi,w2,w3 is identity. 

2. The path A^j+^„2_^3 o A^^^^j is strictly included in A^^^^j+^g o A^^^^g o a. In this case, by 
Lemma lA.2t the 2-morphism ^tL,i,t„2,i«3 is aa~^^id. 

3. The paths may enclose a 2-cell. This 2-cell is a tiling of pentagonal and rectangular 2- 
cells. The pentagonal 2-cells are either MacLane Pentagons or their derivatives obtained 
by inverting the direction of an edge. The rectangular 2-cells are of the form 



ai 



ai 
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C2 



(A.9) 



ai 



ai 



where ai, a2 are either leftward or rightward parenthesis movements and Ci, C2 permute 
adjacent objects. Rectangular 2-cells can be also derived from ( 1A.9I) by inverting the 
direction of an edge. These 2-cells commute up to structural 2-morphisms defined by the 
Picard structure of the 2-category C. Theorem 3.3 in [23] implies that these 2-morphisms 
compose in a unique way. We let ^tL,i,tt,2,u;3 be this composition. 



Definition of 



'W\,W2 



: The last piece of the additive structure of F is the 2-morphism 



^W\^W2 



Fiwi)F(w2] 



■^w^.W2 



'F{wi + W2) 



(A.IO) 



wi . W2 

F{w2)F{wi) F{w2 + wi] 



between the 1-morphisms \w2,wi °c and A^^ „,2 from F{wi)F{w2) to F{wi +W2) where Wi and 
W2 are any two words in N{E). We notice that the path A 



c is not necessarily in the 
1-skeleton of KUm+n-i- The reason is that the braiding c is not an adjacent permutation 
unless wi and W2 are letters. 

In the case where the words wi and W2 are letters, 4>wi,w2 is defined by the table 
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Wl 


W2 




a 


a 


id 


a 


b 


id^c^ 


b 


a 


id 



where id^c^ is given by the Picard structure of the 2-category C 

Now, we assume that Wi and W2 are two words such that their sum of lengths is m + n > 3. 
The 2-morphism 0^1,^12 is defined in the following way. We first transform the path Xw^^wi ° c 
to a path in the 1-skeleton of KUm+n-i- Second we apply the process that defines ipwi,w2,w3 to 
the new path and the path Xwi,w2- 4>wi,w2 is then defined as the appropriate composition of the 
2-morphisms obtained at the first and the second step. Therefore to define 0w,i,«,2) it suffices 
to describe how we transform the path A^2,«)i ° ^ i^to a path in the 1-skeleton of KUm+n-i- 

The main idea is to substitute the edge c that is not in the 1-skeleton by a sequence of 
five other edges. This sequence is an alternating collection of three leftward or rightward 
parenthesis movements and two braidings. The parenthesis movements are certainly in the 
1-skeleton; however the braidings may not be. If they are not, then we substitute each of 
those braidings by a sequence of five other edges as above. We keep substituting until all the 
braidings become permutations of adjoint objects, therefore part of the 1-skeleton. We know 
that the substitution process is going to terminate because after each substitution braidings 
permute parenthesized objects with shorter length. 

We describe this process on the sample wi = b + e and W2 = a + c + d. The braiding c per- 
mutes F{wi) and F{w2). First, we substitute c by the braidings C(a^c,d|e) and C(^a,c,d\b)- C(a,c,d|e) 
permutes the parenthesized object {{FaFc)Fd) with Fe and C(^a,c,d\b) permutes {{FaFc)Fd) 
with Fb. They are going to be substituted by c^d\e) and C(a^c|e) and by C(a,c\b) and C(^d\b), re- 
spectively. Since C(d|e) permutes Fd and Fe and C(^d\b) permutes Fd and Fb, they are edges in 
the 1-skeleton and therefore cannot be substituted. In the diagram below, we illustrate the 
complete process of substituting c by adjacent permutations C(^a\b), (^{c\b), '^(d\b), C(a|e), C(c|e), and 
C(d|e) using lattice paths. 
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be be 

This process defines a 2-morphism as follows. Substituting a braiding by an alternat- 
ing sequence of three leftward or rightward parenthesis movements and two braidings means 
substituting an edge in a hexagonal 2-cell by the other five edges. Such hexagonal 2-cells com- 
mute up to a 2-morphism given by the Picard structure of the 2-category C. The appropriate 
composition of these 2-morphisms defines the 2-morphism of the first step. 

A. 3 Extending the Additive Structure to Free Abelian Group 

Here we extend the definition of the 2-functor F so that it transforms the trivial Picard 
structure of the free abelian group Z{E) generated by the set E to the Picard structure of the 
2-category C. 
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Extending \wi,w2'- The extension of \wi,w2, denoted by Xwi,w2, to tlie words in Z{E) sliould 
take into consideration the cancelations that might occur in wi + W2- If W2 does not have a 
letter that appears with an opposite sign in wi then there aren't any cancelations in wi + W2 
and \wi,w2 = ^wi,w2- Otherwise, Xwi,w2 orders the letters of Wi and W2 from least to greatest, 
left parenthesizes, and does the cancelations starting with the image of the least letter. That 
is Xwi,w2 is equal to post composition of \wi,w2 with the morphisms of the form 

(. . . (((F(u;)Fq)(Fq)*)Fq+i) . . . Fc„+^) (. . . ((F(i/;)(Fc,(Fq)*))Fc,+i) . . . Fcn+m) 

^ (. . . {{F{w)I)Fc,+^) . . . Fcr,+m) (. . . {F{w)Fc,+^) . . . Fc^+m) 

(A.ll) 

for every cancelation. In ( lA.lip w is a subword of wi + W2, I is a. unit element in the Picard 
2-category and invi?ci ^^'^ ^f{w) are structural morphisms due to the Picard structure of the 
2-category. By the Picard structure, we can also assume for simplicity that when Xuji,w2 orders 
letters from least to greatest the inverse of an object is always adjacent to the object and it is 
on its left. We note that using Xwi.w2 for the morphism that orders the letters of wi and W2 
from least to greatest and left parenthesizes them is an abuse of notation. Here Xwi,w2 does 
not map to the object F{wi + W2) but to an object that we denote 2). -^(^^1,2) is product 
of the images of all letters in wi and W2 parenthesized from the left, ordered from least to 
greatest, and if there exists inverse of an object is placed on its left. For instance, if wi = b + c 
and W2 = a — b, then 

A^,,^, : {FbFc){Fa{Fby) ^{{{FaFb)Fby)Fc), 

where F{wi^2) = {{FaFb){Fb)*)Fc). Thus Xwi,w2 can be expressed as composition of 

F{w^)F{w2) '^""^ : F{w,,2) """^ : F{w^ + W2), (A.12) 

where Tw-^,w2 is composition of morphisms of the form (1A.11|) for every cancelation. We re- 
mark that Xu]i,w2 as in the monoidal case defines a path in the 1-skeleton of the permuto- 
associahedron KUm+n-i- However if there are cancelations, A^^^^^j is not a path in the 1- 
skeleton of KUm+n-i- 

Extending 4'wi,w2,w3'- The extension of 4'wi,w2,w3, denoted by ipwi,w2,w3, to the words wi, W2, 
W3 in Z{E) is a 2-morphism 



{{F{w^)F{w2))F{ws)) ^F{wi + W2)F{w^) f{w^ + W2 + w^) (A.13) 

{F{wi){F{w2)F{ws))) F{wi)F{w2 + W3) F{wi +W2 + ^3) 

between the 1-morphisms Xw^^w2+W3 ° Xw2,w3 ° a and Xuji+W2,w3 ° Xwi,w2- As noticed, these 
paths may not be in the 1-skeleton of KUm+n+p-i- However, there exists a vertex Vq of the 
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permuto-associahedron Kllm+n+p-i that both paths X^-^ 
pass through. Therefore the diagram flA.lSp can be rewritten as: 



{{F{wi)F{w2))F{w3)) 



Vo ^ F{wi + W2)F{ws) "i+'^'^a ^ p(^^^ +W2 + Ws) 



iF{w,)iF{w2)Fiws))) 



■F{wi)F{w2 + W3) 



X 



F{wi +W2 + W3) 



(A.14) 

where both horizontal morphisms to Vq are paths on KUm+n+p-i- So we compute ip'^^^ in 
the same way as of the monoidal case. After the vertex Vq, the morphisms on the diagram 
(1A.14P are not any more in the 1-skeleton of KUm+n+p-i because of the cancelations. The 
region between the two paths from Vq to F{wi + W2 + w^) can be filled with the structural 
2-morphisms of the Picard structure in particular by the ones involving the inverse and unit 
objects. The 2-morphism Pwi,w2,w3 is then the unique pasting of those structural 2-morphisms. 
Hence, we define V«'i,«'2,«'3 as pasting of i^'^^^y,^^^^ and ^,^1,^2,^3. 



Extending (f)wi,w2'- The extension of (pwi,w2: denoted by 4>wi,w2 is a 2-morphism 



F{wi)F{w2] 



'F{wi + W2) 



(A.15) 



F{w2)F{wi) F{w2 + wi) 



between the 1-morphisms Xw2,wi °c and Xwi,w2 from F{wi)F{w2) to F{wi +W2) where Wi and 
W2 are any two words in Z{E). We rewrite the diagram ( lA.lSp by expressing Xwi,w2 and Xw2,wi 
as compositions using flA.12p . 



F{wi)F{w2) -^ F{wi,2) -^ F{wi + W2) 

^'t>L^,W2 



(A.16) 



F{w2)F{wi)—^F{w2, 



F{W2 + Wi) 



The square on the left commutes up to the 2-morphism defined in the same way as (j) of 

the monoidal case. The square on the right commutes since F{wi^2) = F{w2^i) and therefore 



'Wl,W2 



T^2,wi- Hence, 0^,,^„2 is the whiskering 4>'^^^^^ * r^^,w2- 
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